Investigation of the effect of thermal radiation on a fully developed magnetohydrodynamic (MHD) convective flow of a Newtonian, incompressible and electrically conducting fluid in a vertical microchannel bounded by two infinite vertical parallel plates with constant temperature walls through a lateral magnetic field of uniform strength is presented. The Rosseland model for the conduction radiation heat transfer in an absorbing medium and two plates with slip-flow and no-slip conditions are assumed. In addition, the induced magnetic field is neglected due to the assumption of a small magnetic Reynolds number. The non-dimensional governing equations are solved numerically using Runge-Kutta-Fehlberg method with a shooting technique. The channel is optimized based on the Second Law of Thermodynamics by changing various parameters such as the thermal radiation parameter, the temperature parameter, Hartmann number, Grashof to Reynolds ratio, velocity slip length, and temperature jump.
Introduction
Heat transfer in free and mixed convection in vertical channels takes place in many applications such as the design of cooling systems for electronic devices [1] , chemical processing equipment [2] , microelectronic cooling [3] , and solar energy [4] , etc. There is some research that deals with the assessment of the temperature and velocity fields for the vertical fully developed flow without considering the effect of thermal radiation [5, 6] , but heat transfer by simultaneous radiation and convection is important in various cases including combustion flows [7] , furnaces [8] , high-temperature reactors [9] and heat exchangers [10] , combustion [11] , solar energy [12] , thermal radiative loading [13] , and many others [14] [15] [16] . In addition, the significance of radiative heat transfer is found in the industrial processes and magnetohydrodynamic (MHD) flow [17] . MHD is the field of fluid mechanics that deals with the dynamics of an electrically conducting fluid under the influence of a magnetic field. MHD has gained considerable importance because of its wide ranging applications in fluid flow control and propulsion [18, 19] .
Slip effects under boundary conditions and thermal radiation in the fluid is the topic of many researches [20] . Industrial application of this combination in microchannels is in the flow of metal vapors [21, 22] , plasma chemical vapor deposition (CVD) [23] , electrohydrodynamic mixers [24] , rhombus microchannels [25] , and laser-driven radiative shock experiments [26] . As stated in common textbooks [27] the slip flow regime is valid when 0.01 ≤ Kn ≤ 0.1. In the slip flow regime the flow is dense enough to be considered a continuum but the no-slip boundary condition is not valid. In this regime a sub-layer on the order of one mean free path, known as the Knudsen layer, starts to become dominant between the bulk of the fluid and the wall surface. In the slip flow regime the flow is ruled by the Navier-Stokes equations, and rarefaction properties are simulated by the limited slip at the wall using Maxwell's velocity slip and von Smoluchowski's temperature jump boundary conditions. However the slip boundary condition is not limited to compressible fluid flow and as shown by experiments for common Newtonian liquids such as isopropanol, n-hexadecane, water, ethanol, and toluene in microchannels with heights of approximately 350 nm-5 μm, it is demonstrated that the behaviour is not the same as expected by the no-slip boundary condition, and the slip boundary condition should be applied [28] .
When fluid flow is confined by small systems such as micro/nanochannels, some discontinuity in velocity and temperature profiles might happen at the interface of the fluid and solid surface [28] [29] [30] . Ulmanella and Ho [28] experimentally observed the velocity for various micro-sized channels, which is a function of shear rate, type of liquid and surface morphology. Bocquet and Barrat [29] described a possibility of temperature jump along with velocity slip. They modeled velocity slip and temperature jump by introducing velocity slip length and temperature slip length terms, respectively. The velocity slip and temperature jump relations should be used as the boundary conditions for liquid-solid interface of micro/nanosized channel in other references [27] .
One of the potential applications of current research is the design of collectors for thermal storage [30] , such as in thermo-syphon solar water heaters [31] . As shown in Figure 1 , a vertical channel acting as a collector of the thermal energy contains a moving phase change material heated by the solar radiation. This kind of configuration is commonly found in solar collectors for thermal storage applications and thermo-syphon solar water heaters. The working fluid is forced by a pump to transfer thermal energy from the collector to the thermal storage tank. The designed pump should create enough pressure gradients through the channel to ensure stable movement of the phase change against the wall friction and the natural convection flow caused by temperature difference between two walls of the channel. Here the right wall is assumed to be at a higher temperature than the left wall because it is heated by solar radiation and the left wall, the cold heat source, is at the melting point of the phase change material. The purpose of a solar thermal collector is to absorb as much sunlight as possible and a number of studies have been focused on increasing the absorptivity of the fluid medium in the solar collector. Recently, researchers have found that the absorptivity can be significantly enhanced by using a nanofluid that is a mixture of liquid and suspended nanoparticles [32] . By seeding the nanoparticles in the base fluid, the extinction coefficient of the medium increases over 100 cm −1 [32] . It is apparently an optically thick medium even for microchannels whose characteristic length is on the microscale and therefore the optically thick medium approximation is applicable to the analysis of radiative transfer. In addition for the application of metal gas vapors and plasma in microchannels [21] [22] [23] the radiative absorption coefficient of the medium is large enough to assume a thick optical medium. The radiative heat transfer through such media can be simplified by the Rosseland diffusion approximation [4] . Other than the other applications [33] [34] [35] [36] [37] [38] [39] , the other trend of analysing flow and heat transfer is to apply a Second Law of Thermodynamics analysis, and its design-related concept of entropy generation minimization. Entropy generation is associated with thermodynamic irreversibility, which presents in all flow and heat transfer developments. Bejan [40, 41] founded theoretical work on entropy generation in flow systems. He showed that by minimizing the entropy, the efficiency of a thermal system could be enhanced based on the Second Law of Thermodynamics. Thereafter, several authors [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] have analyzed different problems to study the entropy effects on thermal systems and to find ways to minimize them. Considering all the above, the goal of the current research was to optimize the steady state fully developed mixed convection incompressible flow in a vertical microchannel such that the walls of the channels are subjected to different wall temperatures and the Rosseland approximation model. The effects of thermal radiation coefficient, the thermal parameter, Prantdl number, Reynolds number, Hartmann number, Grashof number, Hartmann number, specific heat ratio and Knudsen number on entropy generation are investigated analytically.
Governing Equations
In order to understand the fundamental basics of the fully developed laminar flow through an infinitely long vertical channel, a simple configuration as shown in Figure 2 is considered. An optically thick incompressible fluid is confined by two parallel planar walls that are separated by a distance of 2L. The two infinite vertical parallel plates of the channel are non-permeable, but there are slip-flow conditions on both of the plates. Since the infinitely long geometry is assumed, the flow velocity u is only a function of the y-direction across the channel and the origin of the system is placed at the middle point. The left and right walls (y = ±L) are maintained at the uniform temperatures of TL and TR, respectively. The temperature difference of the two plates is also assumed to be high enough to induce heat transfer due to radiation. A uniform magnetic field of strength B is applied perpendicular to the plates of the channel. The magnetic Reynolds number is presumed small enough consequently that the induced magnetic field is neglected. In the steady state, this system can be described by momentum and energy equations employing Boussinesq approximation for buoyancy force (All fluid properties are assumed to be constant except that of the influence of density variation with temperature is considered only in the body force term). By ignoring the horizontal component of the velocity in the continuity equation, the simplified momentum equation for fully developed velocity (u(y)) is:
(1) and the energy equation for thermal radiative absorbance of solar radiation in phase change material (radiative heat flux transport in a gray medium) is based on the Rosseland approximation (diffusion of radiative heat flux) which is useable when the medium is optically thick, and is recommended for use in problems where the optical thickness is greater than 3 [4]:
where dp/dx is a pressure gradient in the channel in the flow direction, i.e., x-direction, which is perpendicular to the y-direction (constant everywhere), T = T(y) is the medium temperature, k is the thermal conductivity of the fluid, β is the thermal expansion coefficient, μ is the dynamic viscosity, ρ is the fluid density, and Tref is a constant reference temperature defined as Tref = (TL + TR)/2. σ is the Stefan-Boltzmann constant and χ is the mean absorption coefficient of the medium. Since the channel size is on a microscale, the velocity slip and the temperature jump need to be considered as the boundary conditions at the solid walls:
where lv is the velocity slip length and lT is the temperature slip length, which is referred to as "temperature jump length" hereafter. From the Maxwell theory for gases the mean free path of the molecules is equal to velocity slip length and can be estimated from the
where "a" is the sound speed. Also the temperature slip length from the Maxwell theory is equal to k
There is no analytical formula for liquids and many experimental studies have been performed [33] [34] [35] [36] [37] [38] [39] reporting a wide range of slip lengths, ranging from micrometers to nanometers (including no-slip). Furthermore, molecular dynamics simulations suggest slip lengths of less than 100 nm [33] [34] [35] , which were confirmed by experiments using near-surface particle tracking [36, 37] . Hydrophobic surfaces do appear to introduce a discernible but small slip length of approximately 10-50 nm [38, 39] . The modelling of velocity slip and temperature jump at a fluid-solid interface is not easy due to the complexity of the phenomena themselves. However, in this study the simplest models of Equations (3)- (6) are applied, which resemble those for fluid-solid interface, because the purpose of the current study is to investigate the physical essence rather than the quantitative details. Nevertheless, the correct physical principle from the simplest velocity slip and temperature jump models could be extracted even though they could have clear limitation in predicting the accurate quantities. In thermodynamics, entropy is a measure of the number of specific ways in which a thermodynamic system may be arranged (a measure of disorder). According to the Second Law of Thermodynamics the entropy of an isolated system never decreases; such a system will spontaneously evolve toward thermodynamic equilibrium, the configuration with maximum entropy. The current channel which is not isolated and has the irreversible processes decrease in entropy provided they increase the entropy of its environment by at least that same amount (increase the combined entropy of the system and its environment). The entropy is a state function and its change related to the initial and final state.
The irreversibility in channel flow of a fluid has two components of energy and momentum. Consequently, entropy production may occur as a result of fluid friction and heat transfer in the direction of finite temperature gradients. Following Bejan [40, 41] , the volumetric rate of entropy generation can be expressed as:
The first term in Equation (7) describes the heat transfer irreversibility and the second term represents the local entropy generation rate due to fluid friction, respectively. Energy minimization methods [41, 42] seek the maximum exergy of a system (the maximum useful work possible during a process that brings the system into equilibrium with a heat reservoir). In the current system the description of the exergy is the potential of the fluid in channel to cause a change as it achieves equilibrium with its wall at constant temperature. In the present system, exergy is destroyed because the process involves a temperature change. This destruction is proportional to the entropy increase of the system together with its surroundings, so the minimization of the entropy generation is equal to the maximization of the energy that is available to be used in the system.
In order to clarify the physical essence, in this study the non-dimensionalized variables are introduced. The non-dimensional of main variables are:
and the non-dimensional parameters which arise are:
where the Gr is the Grashof number, Re is the Reynolds number, Rd is the radiation parameter, Ha is the Hartmann number (the ratio of electromagnetic force to the viscous force in the absence of the Hall effect, electrical and polarization effects), and θR is the temperature parameter, Be is the Bejan number (in the context of thermodynamics,the ratio of heat transfer irreversibility to total irreversibility due to heat transfer and fluid friction; in the context of fluid mechanics, the dimensionless pressure drop along a channel), Br is the ratio between heat produced by viscous dissipation and heat transported by molecular conduction (the ratio of viscous heat generation to external heating), and Ns is the dimensionless form of local entropy generation rate in Equation (7) . From Equation (22) , it is obvious that the Bejan number ranges from 0 < Be < 1. While Be = 0 represents the limit case of fluid friction dominated irreversibility, Be = 1 corresponds to the limit case of heat transfer dominated irreversibility. The contribution of both heat transfer and fluid friction to entropy production in the flow system is the same when Be = 0.5.
can be used to find the pressure gradient). Then, by multiplying Equation (1) in L 2 /um and Equation (2) in 2L 2 /(TR − TL), respectively, and considering dimensionless parameters in (7)- (18), the non-dimensional momentum and energy equations as a system of ordinary coupled differential equations can be rewritten as:
In addition, the non-dimensional form of the boundary conditions in the equations from (3) to (6) can be rewritten as:
The components of dimensionless entropy generation are:
Results and Discussion
The problem of optimal design of a steady state mixed convection MHD flow in a vertical channel filled with radiative absorbing medium is solved under the no-slip and slip-flow conditions at the channel walls in the presence of a crosswise uniform magnetic field. The Newtonian, incompressible and electrically conducting fluid is assumed. With the aim of acquiring a comprehensive vision of the physical problem, estimations have been accomplished to get the flow and temperature field with Hartmann number (Ha), radiation parameter (Rd), mixed convection parameter (Gr/Re), thermal parameter (θR), temperature jump (λT), and velocity slip (λv) asshown in Figures 3-8 . The non-dimensional governing Equations (23)- (28) are solved numerically using Runge-Kutta-Fehlberg method [52] with shooting technique [53] the dimensionless temperature gradient increased, especially near the left wall as shown in Figure 3a , which leads to an increase of the heat transfer component of the entropy. Figure 3b shows the wavy shape of the velocity component of the entropy profile. By increasing the thermal radiation coefficient, the dimensionless velocity profile becomes flattened. The minimum velocity component of the entropy value occurs at the peak value of the velocity or zero shear stress points. Furthermore, the maximum velocity component of the entropy value occurs at the walls. The effects of thermal radiation on the total heat transfer and viscous parts of the entropy are illustrated in Figure 3c ,d, respectively. By increasing Rd, the heat transfer part of the entropy increases dramatically while the viscous part of the entropy decreases.
Although the entropy generation due to thermal effects increases, it is two orders of magnitude (10 The effect of the Gr/Re parameter is demonstrated for the Rd = 10, and λT = 0.01, λv = 0.01, θR = 10, Ha = 0.1 in Figure 4 . As seen in Figure 4a , by increasing the Gr/Re from 1 to 30 the Sθ is constant because the dimensionless temperature is not changed. As shown the Sθ is maximum at the left wall and decreases smoothly to the right wall. Figure 4b illustrates the influence of the mixed convection parameter Gr/Re, on the dimensionless velocity component of the entropy profiles. As seen by increasing Gr/Re the velocity component of the entropy increases. The maximum again appears at the walls. By increasing of Gr/Re, the dimensionless velocity profile maximum increases. As illustrated in Figure 4c the Gr/Re has no effect on total Sθ, but Su is increased by increases of Gr/Re (see Figure 4d) , so a lower Gr/Re is better from the Second Law of Thermodynamics perspective.
The effect of the Hartmann number is demonstrated in Figure 5 . As seen in Figure 5a , by increasing Ha from 5 to 15 for the Rd = 10, λT = 0.01, λv = 0.01, θR = 10, and Gr/Re = 50, because the dimensionless temperature profile is not dependent on the Hartmann number the Sθ not changed. As seen the Sθ(Y) is approximately linear and has a higher value at the left wall and a lower value at the right wall. Figure 5b shows the distribution of Su caused by the presence of the magnetic field. The existence of the magnetic field generates a resistive force akin to the drag force that acts in the opposite direction of the fluid motion, thus making the velocity of the fluid decrease. By increasing the Hartmann number, the peaks of the dimensionless velocity profile are chamfered so the velocity gradient inside the channel is decreased which leads to lower viscous heating, so the general effect of the magnetic parameter is to decrease the velocity component of the entropy generation. The effect of the Hartmann number on the total Sθ is exemplified in Figure 5c . As stated before the Hartmann number has no effect on the total Sθ, but as there is a minimum on Su, for the total entropy generation there is a minimum at Ha = 8.
The effect of the thermal parameter is demonstrated for the Rd = 0.01, Gr/Re = 100, λT = 0.01, λv = 0.01, and Ha = 0.1 in Figure 6 . As shown in Figure 6a by increasing θR from 5 to 9 the dimensionless heat transfer entropy generation is increased, especially near the left wall. Figure 6b shows the wavy shape of the velocity entropy generation component which has a critical point inside and two peaks at the boundaries. As observed, by the increase of θR, the dimensionless entropy generation component velocity profile decreases. The effect of θR on the total heat transfer entropy generation is illustrated in Figure 6c . By increasing θR, the total heat transfer entropy generation has a parabolic shape with a minimum at θR = 6.6. Also the total viscous entropy generation decreases with the increase of θR (see Figure 6d) . In Figure 6 , the major contribution to the total entropy is due to the viscous dissipation and this term always decreases with the temperature parameter. Generally, when both the heat transfer entropy generation and viscous entropy generation are summed and displayed on a single curve, the decrease in the viscous entropy generation is dominant and the minimum does not exist. In Figure 7 both terms are added to show the dominance of the decrease in the viscous entropy generation and that there is no minimum on it. The effect of velocity slip ratio is demonstrated in Figure 8 by increasing λv from 0 to 0.05 for the Rd = 0.01, and λT = 0.01, Ha = 0.1, Gr/Re = 50, θR = 0.1. The λv is equal to the Knudsen number for gas flow in the channel. It can be noticed from Figure 8a that for different values of λv the dimensionless heat transfer entropy generation rate is not changed. Further, in Figure 8b it is observed that the viscous entropy generation rate is maximum at the right wall, while the sinus shape of the velocity profile is not altered with an increase of λv. By increasing λv, the maximum dimensionless viscous entropy generation rate profiles increase to some extent. As anticipated from Figure 8a the λv has no influence on the total dimensionless heat transfer entropy generation rate, while it is clearly seen from these Figure 8d that the total viscous entropy generation rate increases with an increase of λv, so the lower velocity slip is better for maximizing the exergy of the system. The effect of temperature slip is demonstrated in Figure 9 . As depicted in Figure 9a , by increasing λT from 0 to 0.1 the magnitude of the dimensionless heat transfer entropy generation rate distribution shifted downward. Figure 9b shows the sine-like shape of the velocity entropy generation rate distribution with fixed values of all other parameters as the Rd = 0.01, and λv = 0.01, Ha = 0.1, Gr/Re = 50, θR = 0.1. By increasing λT, the dimensionless velocity profile is not changed meaningfully, although an increase of λT causes the increase of Su at the middle of the channel and a decrease at the left boundary. For the gas flow in a vertical channel the temperature slip is proportional to the velocity slip length ratio or Knudsen number. By increasing of the gas Prantdl number and decreasing the specific heat ratio, the λT increases. The effect of λT on the total heat transfer entropy generation rate is illustrated in Figure 9c . By increasing λT, the Sθ decreases. Furthermore the friction entropy generation rate decreases as λT increases, as shown in Figure 9d . 
Conclusions
In this study, the optimization of the steady flow in a filled vertical microchannel with thermal radiation has been thoroughly investigated. The results can be summarized as follows:
(1) By increasing Rd, the heat transfer part of the entropy increases dramatically while the viscous part of the entropy decreases. (2) By increasing θR, the total heat transfer entropy generation has a minimum at θR = 6.6. Also the total viscous entropy generation decreases as θR increases. (3) Lower velocity slip, Grashof number to Reynolds number ratio are better for maximize the exergy of the system. (4) Higher temperature slip is better for maximizing the exergy of the system. (5) The optimum Hartmann number is about 8.
